Canonical quantization of general relativity does not yield a unique quantum theory for gravity. This is in part due to operator ordering ambiguities. In this paper we investigate the role of different operator orderings on the question of whether a big bang or big crunch singularity occurs. We do this in the context of the mini-superspace model of a Friedmann-Lemaître-Robertson-Walker universe with Brown-Kuchař dust. We find that for a certain class of operator orderings such a singularity is eliminated without having to impose boundary conditions.
Introduction
Probably the most conservative approach to quantum gravity is canonical quantum gravity, which arises from applying the usual quantization techniques to general relativity. In canonical quantum gravity the state is given by a wave functional Ψ( (3) g, φ) on 3-metrics (3) g and some matter degrees of freedoms, say a scalar field φ. The wave equation is not dynamical, since time is absent from it, but amounts to "constraints" on the wave functions. These constraints are the diffeomorphism constraint and the Hamiltonian constraint Hψ = 0, also called the WheelerDeWitt equation. Due to operator ordering ambiguities in the quantization process, many different forms of these constraints can be obtained, resulting in different quantum theories for gravity. A choice of operator ordering that is often made (mostly in the context of minisuperspace models) is to take the Laplace-Beltrami operator with respect to the DeWitt metric on superspace [1, 2] . But other choices remain open, especially in the absence of experimental guidance. The choice of operator ordering may have effect on the physical content of the theory [3] [4] [5] . In this paper, we investigate the effect on the possible presence of cosmological singularities.
According to general relativity, singularities like a big bang or big crunch singularity are generically unavoidable. This is the content of the Penrose-Hawking singularity theorems. This is usually taken as a signal that the classical theory breaks down and it is hoped for that a quantum theory for gravity will eliminate such singularities. This has been investigated in simplified models, called mini-superspace models, which arise from applying the usual quantization techniques to symmetry-reduced general relativity by assuming homogeneity and isotropy. However, there is the question what exactly should be meant by space-time singularities in the context of quantum gravity. In general relativity, singularities arise when geodesics cannot be smoothly extended. In quantum gravity this notion does no longer make sense, since there is no actual metric field. There is only the wave functional on 3-metrics. Different criteria have been proposed for a singularity. Examples include: that the metric has support on singular 3-metrics, that it is peaked on singular 3-metrics, that the expectation of the scale factor vanishes (see e.g. [6] [7] [8] [9] [10] [11] [12] [13] [14] ). Even though these criteria may shed some light on the issue of singularities, none of these seems completely satisfactory. For example, demanding that the wave function be zero on singular metrics is often viewed as sufficient for singularity avoidance [6, 14] . However, the set of singular metrics is often of measure zero so the amplitude of the wave function at those configurations seems of no relevance. Alternatively, it should perhaps be specified at which rate the wave function vanishes near singularities [15] . For some of these criteria, the question whether or not the singularities are eliminated also hinges on how the problem of time is dealt with (see for example [8] ).
In this paper, we consider a different criterion, namely that space-time singularities do not occur iff there is no quantum (probability) flux into singular metrics. To appreciate this criterion and to contrast it with the alternative prevailing viewpoints, it is useful to consider the following example: In classical mechanics the Coulomb potential −Ze 2 /r is singular at r = 0 and classically a particle can reach this singularity and its motion cannot be continued thereafter. Is this singularity eliminated in quantum mechanics? In the case of the Dirac equation with the Coulomb potential, the ground state is given by
Can the quantum particle fall into the singularity of the Coulomb potential? There is no actual point-particle like in classical mechanics, just the wave function. The wave function is non-zero at the origin. It even diverges. So according to some of the proposed notions of a singularity, the singularity is not eliminated. But quantum mechanically, according to the Born rule, the wave function merely determines a probability amplitude to find the particle somewhere upon detection. The probability (with respect to the measure ψ † ψd 3 x) to find the particle at one particular point, including the singularity, is always zero. So merely considering the quantum mechanical probability distribution is not helpful. However, what seems more revelant is whether the probability density flows into or out of the singularity, i.e., whether the probability flux into the singularity is zero or not. If there is a decreased change over time to find the particle outside the singularity, it seems natural to conclude that the particle might have ended up in the singularity. If there is no flux into or out of the classical singularity, then the singularity is avoided quantum mechanically. Concretely, in this context this condition means that 1 lim
where C R is the cylinder with radius R and normal field n µ centered around the line r = 0 in space-time and j µ =ψγ µ ψ is the Dirac current. (The absolute value is taken so that there is 1 One might worry that the integral in (2) is not finite because it involves an integration over an unbounded surface C R . It might therefore be worth considering alternative criteria like demanding that (2) holds for appropriate segments of C R or that lim sup R→0 sup x∈CR |n µ (x)j µ (x)| = 0.
no incoming and no outgoing flux.) For any state, the condition (2) is actually satisfied since the L 2 -norm of the wave function is preserved. So in this case the notion ties together with the unitarity of the quantum dynamics.
When it comes to quantum gravity, there is no immediate probability distribution that could be used to formulate a Born rule, even in the case of mini-superspace models, due to the constraint-nature of the theory. Nevertheless, there is a conserved current and we can consider whether there is flux into singular metrics. As a no-singularity criterion we now consider the condition that there is no flux into singular metrics. An advantage is that we do not need to consider a Hilbert space or deal with the problem of time. 2 Another advantage is that the no-flux criterion can be naturally written in coordinate-free language using differential forms. Namely, in the case of an n-dimensional mini-superspace, the local conservation of the current J yields that J is most naturally thought of as an instance of a closed (n − 1)-form. The flux of such a form through co-dimension-1 surfaces ∂Ω (encompassing the singular metrics) is intrinsically defined by the integral ∂Ω J.
In the next Section, we will consider a particular mini-superspace model corresponding to a Friedmann-Lemaître-Robertson-Walker (FLRW) universe with dust, where the dust is described by the Brown and Kuchař method [18] . In this example, it turns out that the chosen operator ordering plays a crucial role in whether or not singularities occur.
Mini-superspace with dust
In the Brown-Kuchař description [18, 19] , dust is described by a matter fluid determined by the rest mass density ρ and a 4-velocity field U µ which can be parametrized by certain (noncanonical) scalar fields. The classical action including gravity is 3
where G is the gravitational constant, g µν is the 4-metric and R is the Ricci scalar. Assuming spatial homogeneity and isotropy, the metric is given by the FLRW metric
where N > 0 is the lapse function, a the scale factor, and dΩ 2 is the spatial line-element on 3-space. We assume that there is no spatial curvature and that 3-space is compact, with co-moving volume V . Because of the symmetry, the dust field U µ can be parametrized by a single scalar field T = T (t) as U µ = ∂ µ T . The effective classical Lagrangian is given by
2 In Bohmian quantum gravity there is an actual metric and actual matter degrees of freedom, like a scalar field, and the integral curves of the conserved current form the possible trajectories. So in this case the classical notion of singularity can be employed and singularities are typically avoided when there is no flux through the singularities. Similarly, in the context of non-relativistic quantum mechanics, the |ψ| 2 d 3 x-probability for a particle to run into the singularity of the Coulomb potential is zero [16, 17] . 3 We take = c = 1.
where κ = 4πG/3. The corresponding classical equations of motion arė
The lapse function is an arbitrary function of time, which relates to the time reparameterization invariance. In the gauge N = 1, so that t is cosmic time (i.e., the proper time for an observer moving with the expansion of the universe), we can write these equations as
Without loss of generality we can put the constant t 0 = 0, so that the matter field T just equals cosmic time. The resulting equations are the familiar ones for dust, which leads to the following evolution of the scale factor:
with c 1 , c 2 constant. So, classically, there is always a big bang or big crunch singularity, when a = 0, obtained at t = −c 2 /c 1 . Canonical quantization of this classical theory yields the Wheeler-DeWitt equation
where ψ = ψ(a, T ) and hence ψ is independent of time t, and M = V /κ 2 . The variable m corresponds to a choice of operator ordering. 4 The choice m = −1/2 correspond to using the Laplace-Beltrami operator corresponding to the DeWitt metric on mini-superspace [19] . Other operator orderings have been considered in for example [20] . There is a conservation equation
where
Avoidance of the singularity now means that there is no flux through a = 0 in the half-plane determined by a ∈ R + , T ∈ R. 5 In other words, 6
4 Of course, more general operator orderings could be considered, such as
which is still a local constraint. 5 We use the convention that R + := (0, +∞). 6 In the Bohmian theory, the dynamics is given bẏ
with N an arbitrary function of time [21] . This dynamics preserves the measure |ψ(a, T )| 2 a m+1 dadT (which is no probability measure). In this case, the no-flux condition (14) implies that the |ψ(a, T )| 2 a m+1 dadT -measure of the set of "initial" configurations that start or end up with a = 0 is zero. Using x = 2 3 a 3/2 and τ = −T , the Wheeler-DeWitt equation (9) reduces to
with n = 2m/3 + 1/3. Since a ∈ R + , we have that x ∈ R + . Using the transformation ψ = x −n/2 φ/(2/3) n , we get
with c = (n/2 − 1)n/2. So we get the non-relativistic Schrödinger equation with a 1/x 2 potential. We have that
with j x the usual probability current associated with the Schrödinger equation (16), which satisfies
The criterion that there be no flux into the big-bang configurations (a = 0) now reads
The form of the Schrödinger equation (16) suggests to look for a unitary dynamics on the Hilbert space L 2 (R + ), with τ playing the role of time. A unitary dynamics will preserve the norm of φ, i.e.,
is constant as a function of τ , i.e., ∂ τ φ 2 = 0. On the other hand, from the continuity equation (18) we have
(provided lim x→+∞ j x (x, τ ) = 0). Hence, lim x→0 j x (x, τ ) = 0 and there is no-flux in each finite τ -interval. This does not necessarily imply the no-flux condition (19) , since there might still be flux for |τ | going to infinity. But we will not worry about this since already classically, |τ | to infinity corresponds to inifinty proper cosmic time. 8 This being said, we will refrain from demanding a unitary dynamics. After all, time does not appear in the theory and promoting the variable τ to play the temporal role relies on a certain way to solve the problem of time. At this stage we do not want to commit ourselves to any solution to that problem. So, we want to regard (16) as a partial differential equation at face value. Requiring that solutions φ are square-integrable over the (x, τ ) half-plane (x > 0) is too strong, but in order to preserve the possibility of a notion of (conditional) probability, it remains natural to require that they are square-integrable over certain sections of the halfplane.
In the case c = 0, a L 2 (R + )-integrability condition for φ(., τ ) does not yet accomplish ruling out flux through a = x = 0: the dynamics in this case can be seen as the restriction to the half-line of the free Schrödinger evolution over the whole line. For a generic solution of the latter problem, there will be flux through the origin. Extra boundary conditions need to be imposed to prohibit such a flux. (Requiring a unitary dynamics on the half-line yields the boundary condition φ| x=0 = C∂ x φ| x=0 , with C ∈ R ∪ {∞}. In this case, we have a again lim x→0 j x (x, τ ) = 0.)
In the case c > 0, the representation (16) of the Schrödinger equation exhibits a repulsive potential term proportional to 1/x 2 . One might wonder whether this potential, which is in principle infinitely repelling at the origin, is sufficient to prohibit flux through a = x = 0. This appears to be indeed the case, under mild assumptions, when c ≥ 3/2.
For example, if we require φ and [22, pp. 249-250] , so that lim x→0 j x (x, τ ) = 0. (Clearly, for c = 0, the condition that φ and hφ are in L 2 (R + ) is not sufficient to guarantee no flux.) The condition on ψ could be even be weakened, but this will be discussed in future work.
That c ≥ 3/2 relates to that fact that for those values are those for which h is essentially self-adjoint [23] . By virtue of Stone's theorem, such essential self-adjointness corresponds to a situation where a unique unitary dynamics e −iτ h can be associated to the operator h.
To conclude: by assuming a certain operator ordering together with a mild integrability condition can rule out any flux into singular configurations.
Conclusion
We investigated the role of operator orderings in the question of space-time singularities corresponding to a big bang or big crunch. We used the criterion that quantum mechanically there are space-time singularities if and only if there is quantum flux into singular 3-metrics. For a quantum mini-superspace model with dust, an operator ordering can be chosen in the quantization process such that big bang or big crunch singularities are avoided, without assuming any boundary conditions. This is because of the appearance of an effective potential which repells from the singularity. This potential falls off rapidly away from the singularity and hence merely seems to affect the quantum dynamics near the singularity. Effects away from the singularity, such as the appearance of an effective cosmological constant, described in [24] , are presumably unaffected by such alternative operator orderings. The situation is similar to that in loop quantum gravity where the quantum effects also cause a bouncing behaviour near the singularity [9] [10] [11] [12] [13] .
Perhaps singularities can similarly be avoided in other mini-superspace models (e.g. with a canonical scalar field) or in full quantum gravity. In view of the absence of experimental evenidence for one or the other operator ordering, the criterion that singularities are prohibited can perhaps narrow down the possibilities.
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